Abstract. In this short note we give a proof of Liouville's theorem (every bounded entire complex function is constant) following Peterzil and Starchenko's approach to complex analysis via o-minimality.
Theorem 1 ([3, Theorem 2.36 ]). Let f : C → C be a definable bounded entire function. Then f is constant.
The fact that the previous theorem has strictly weaker assumptions than Liouville's classical theorem follows from the following result (and the fact that there are entire functions which are not rational functions).
It is worthy to notice that from Theorem 1 one can still derive a proof of the fundamental theorem of algebra (every non-constant polynomial in C[X] has a root in C).
To recover Liouville's theorem we need to introduce the expansion R an , which consists of (R, +, ·) together with functions f : R n → R defined by
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where g : [−1, 1] n → R is real-analytic. The following follows by classical results of Denef and van den Dries in [1] .
Theorem 3 (Denef-van den Dries). The structure R an is o-minimal and the definable sets in R an are precisely the globally subanalytic sets.
For r a positive real number, denote by D(r) := {z ∈ C : |z| r} the disc of radius r in C and by C(r) := {z ∈ C : |z| = r} the annulus of radius r. Set D
Liouville's theorem
The first step is to show a definable version of Schwarz Lemma. To that end, we will use the following particular case of the definable maximum principle from [3] : 
Proof. Consider the definable function
Such function is definable and C-differentiable. Hence, by Theorem 4, we have that
Therefore |g(x)| ≤ 1, which gives us that |f (x)| ≤ |x|. Proof. Consider the function g(x) = f (x) − f (0). Clearly g is also bounded and g(0) = 0. Since g is bounded, let s be a positive real number such that g : C → D(s). Now consider for every real number r > 0 the restriction g r := g |D(r) . By Fact 1, for every r > 0, the function g r is definable in R an and C-differentiable by assumption. Hence, by Corollary 1, we have that for all x ∈ D(r), |g r (x)| ≤ s r |x|. Letting r go to infinity, we have that g(x) = 0 for all x ∈ C. Therefore, f (x) = f (0) for all x.
